In this paper we show that the instanton representation of Plebanski gravity exhibits a Hilbert space of harmonic oscillator-like coherent states. We put in place the formalism and carry out the construction of the states, and we elucidate on their physical interpretation. Additionally, we provide an invertible map between the Ashtekar variables and this Hilbert space of states, via the instanton representation.
Introduction
There are presently at least two unresolved issues in the full theory of general relativity. One issue regards the projection from the full phase space Ω to the physical degrees of freedom defined by the constraint surface. Secondly, the quantization of the theory in congruity with this projection to the present author's knowledge remains to be consistently implemented. We have approached the first issue using the instanton representation of Plebanski gravity by projection from the unconstrained to the kinematic phase space, defined as the reduced phase space for gravity under gauge transformations and diffeomorphisms, and implementation of the Hamiltonian dynamics thereon. In this paper we will approach the second issue for certain sectors of GR from the standpoint of the algebra of observables. We will show that the representation of this algebra exhibits a natural coherent state structure for gravity.
In the instanton representation the basic momentum space variables are the densitized eigenvalues of the antiself-dual Weyl curvature (CDJ matrix), which constitute the physical degrees of freedom. The Hilbert space which we refer to is defined on the kinematic phase space, where these degrees of freedom are explicit. It is on this space where the quantization procedure and the implementation of the reality conditions have been defined. One feature of the Hilbert space as constructed in [1] is that the states resemble an infinite-dimensional analogue of harmonic oscillator-like coherent states, which are applicable for vanishing cosmological constant Λ. In [2] we have generalized the construction to include nonvanishing Λ, which entails the use of holomorphic hypergeometric functions. 1 In the present paper we will carry out the construction of the states within the context of the coherent state formalism.
The organization of this paper follows a bottom-up rather than the conventional top-down approach, as we will first establish a system of coherent states and then provide a map from this system to the Ashtekar variables, via the instanton representation. The organization of this paper is as follows. In section 2 we provide a brief review of the oscillator formalism and coherent states, building on the relevant concepts from [4] and [5] . The purpose of this section is to put in place the formalism, and to introduce the constituents of some of the operators which which have direct analogues for gravity. Sections 3, 4 and 5 carry out the transformation from the coherent state basis and operators into the holomorphic Schrödinger representation, from which we derive the Ashtekar variables via the instanton represen-tation. We have also outlined the solution to the Hamiltonian constraint in the holomorphic Schrödinger representation in terms of hypergeometric functions. The association of the gravitational Hilbert space with oscillator coherent states uniquely picks out the Barmann representation and the accompanying adjointness relations. In section 6 we provide a brief physical interpretation of the states and what features of spacetime they describe. In section 7 we outline the construction of the hypergeometric solutions to the Hamiltonian constraint using a Lippman-Schwinger type expansion with respect to the coherent state basis. In this section we formalize the link from the coherent states to the gravitational degrees of freedom using the holomorphic Schrödinger representation. Section 8 is a brief discussion regarding the interpretation of uncertainties in terms of the Ashtekar variables.
Quantum harmonic oscillator formalism
We will first start with a simple system, where all of the the steps of the algebraic extension to Dirac's quantization procedure, outlined in [6] can be carried out to completion. Our system consists of three simple harmonic oscillators with annihilation operators a 1 , a 2 and a 3 . From a f construct the following set S, given by
It is clear from (1) that S is closed under complex conjugation. Additionally, S is closed under the Poisson bracket since as one can easily verify from the harmonic oscillator algebra,
From (2) the objects a f and a * f may be regarded as the fundamental dynamical variables of a phase space Ω Kin . Define F as the set of all suitably regular functions on Ω Kin which can be obtained as a sum of products of elements F (i) ∈ S. Some examples of elements of F are given by 2
Next, we will associate with each element F (i) in S an abstract operatorF (i) , and construct the free algebra A generated by these elementary quantum operators. This amounts to the promotion of (1) to such that for an arbitrary state p, q, s with p ≥ 0, q ≥ 0 and r ≥ 0, 3
where we have defined
These states form a mode number basis satisfying orthogonality relations l, m, n p, q, s = δ lp δ mq δ ns ,
andâ f andâ † f are adjoints with respect to the inner product (13).
Coherent states
In this paper we will rather be utilizing a basis of coherent states, applying the formalism of [4] to our model for gravity. One way to define coherent states is states which are eigenstates of the annihilation operators a 1 , a 2 and a 3 wherê
We will single out a 3 as special from a 1 and a 2 , since the operators of interest (for example (7)) will be invariant under interchange of a 1 and a 2 but not with respect to a 3 . Hence in terms of the individual states in the direct product, we have the definitions
where α, β and λ are dimensionless quantities. It will be convenient to define the coherent states, in the sense of Perelemov [5] , as the states obtained by application of a displacement operator to the vacuum state 0, 0, 0 , or any appropriate fiducial state. This is given by
where we have defined the displacement operator
The coherent states are obtained by displacing the vacuum state into C 3 , a 3-dimensional complex space representing three copies of the complex plane. C 3 at the present level plays the role of the coset space for the group manifold of three copies of the complexified Heisenberg algebra (H 4 ) 3 . 4 Hence (17) is a typical representative in this coset space and there is a one-to-one correspondence between states α, β, λ and points in C 3 .
There exists a natural flat metric on C 3 which can be used to define the distance between two states labelled by z and z ′ , given by
This metric induces the following overlap between coherent states
However, for the purpose of the gravitational coherent states we will eliminate the last term of (18), since we will impose a constraint which reduces λ → λ α,β to a function of just α and β. Hence (α, β) ∈ C 2 will coordinatize the physical degrees of freedom which makes normalization in λ redundant. 5 Therefore the overlap between two states for our purposes will involve only α and β, given by
and we will from now on omit λ from the labels in the anticipation of implementing the aformentioned constraint. We will be using the following resolution of the identity for the states 4 We have taken for granted the quotienting of the Heisenberg group H4 ⊗ H4 ⊗ H4 by the identity group element 1 and the mode number operatorN f =â † fâ f in our notation, which yields the coset space (H4) 3 /(U (1)) 6 . 5 In particular, we will associate a3 and a † 3 with time variables on the kinematic configuration space ΓKin, and one does not normalize a wavefunction in time.
Note, since the states are labelled by continuous indices in a Hilbert space that has a countable basis, they are overcomplete. Note that any arbitrary state ψ can be expanded in terms of these coherent states [4] 
where the analytical function f (α * , β * ), the coherent state representation of ψ is given by
with c m,n the mode basis expansion coefficients in the expansion
Action of the constituent operators
We will now put in place the constitutents of the operator which will we will use to impose constraints on our system to reduce the coset state manifold from α, β, λ ∼ C 3 to α, β ∼ C 2 . The operatorsÔ,Q andτ from (7) have the following action on the coherent stateŝ
as the roots of Q, seen as a polynomial in a 3 . Also we have the following actionsÔ
From these operators construct the following Hamiltonian constraint operators for our theory, given by
where r = 0 is a numerical constant. The aim of this paper will be to construct states annihilated byĤ 1 andĤ 2 using the coherent state basis. Part of this process will utilize the coherent states annihilated byQ andÔ. These are
with λ = λ α,β given by (26), and
For those states annihilated byĤ 1 andĤ 2 it will be convenient to define the following states χ α,β by
We will replace the action ofâ 1 andâ 2 on (31) by their eigenvalues, and leave the operatorâ 3 in its present form since we have singled outâ 3 as special. Then the following relations ensuê
Having defined the operators and algebra of our system, we will next associate the system to gravity. First let us associate to each point x in 3-space Σ a harmonic oscillator of the type (1), as in
Then all of the aforementioned formalism can be repeated for each x ∈ Σ. If 3-space were continuous, then we would have an infinite number of representations of the oscillator algebra, one representation per point. But let us start with the assumption that space is discrete, and then we can always attempt to take the continuum limit of the resulting theory.
Holomorphic Schrödinger representation
Perform a 3+1 decomposition of 4-dimensional spacetime M = Σ × R where Σ is a 3-dimensional spatial manifold, and define by ∆ N (Σ) a discretization of Σ into a lattice of spacing ǫ = l 3 N , where l is the characteristic length scale of Σ. For each x ∈ ∆ N (Σ t ) on the final spatial hypersurface labelled by t define quantities (X, Y, T ), which are elements of the space of holomorphic functions, by
where Γ Kin is defined as the kinematic configuration space at point x on the hypersurface Σ t . Also define ∀x ∈ ∆ N (Σ) a two dimensional complex space coordinatized by ( α x , β x ) ∈ C 2 and associate with each C 2 (x) a state χ(T x (t)) α, β x , where
Hence we assume that the antiderivative in the exponential of (36) exists. The following mass dimensions are defined for the various quantities of interest
Let us form the continuum limit of the part of the state dependent on (X, Y ) by the direct product
In this limit we have ∆ N (Σ) → ∆ ∞ (Σ), and the dot product signifies a Riemannian integral over 3-space, as in
The quantity N ( α, β) in (38) is a normalization factor given by
Note that the states ψ α,β ∈ L 2 (Γ Kin , Dµ) are square-integrable with respect to the measure
where D(X, Y ) x = δXδXδY δY . The overlap between two states in the measure (41) is given by
which is inversely proportional to the Euclidean distance between the state labels in the two dimensional complex manifold C 2 . Let us first consider a special case where λ(T ) is independent of T , given by
In this case (36) yields χ(T ) = e
Define dynamical momentum space variables Π(x, t), Π 1 (x, t) and Π 2 (x, t) on the kinematic momentum space P Kin , which upon quantization become promoted to operators satisying equal-time commutation relations
Also define the following function on the kinematic momentum space P Kin , given by
Equation (46) can be written in the equivalent form by dividing it by Π(Π + Π 1 )(Π + Π 2 ) = 0, which yields
Note that α, β are eigenstates ofΠ 1 andΠ 2 , given in the functional Schrödinger representation by
Also note that ψ 0 α,β ∈ Ker{Q}, which can also be written as
where we have replaced the actions of Π 1 and Π 2 by their eigenvalues on the state. We have left the action of Π as a functional derivative, because we have singled T (x) as a time variable on Γ Kin and we will be interested in the evolution of the state with respect to T . Equations (48) are the continuum limit of the following discretized versions for x ∈ ∆ N (Σ)
whence the integration has been restricted to a single cell of volume ν containing the point x. The effect of the the factor ν −1 in the partial derivative is the analogue of a delta function in the functional derivative of the continuum limit. Similarly, the discretized version of (49) is given by
We will now make an association from the holomorphic states ψ 0 α,β constructed in this section to gravity in two stages. First we will show how the Hilbert space follows from the kinematic level of the instanton representation of Plebanski gravity. Secondly, we will provide an embedding map from the kinematic phase space to the unconstrained phase space which we will in turn map into the Ashtekar variables.
Transformation into the instanton representation action of Plebanski gravity
We will now construct the simplest action which upon quantization yields the commutation relations (45) and the constraint (47). This is given by
where K = K(X, Y, T ) = 0 is some function of the kinematic configuration space variables X, Y, T ∈ Γ Kin , which will be choosen appropriately. Note that (52) implies the symplectic two form
where θ Kin is the canonical one form on the kinematic phase space Ω Kin .
We will now perform a change of variables. Define a mass scale a 0 = const. and define new momentum space variables (λ 1 , λ 2 , λ 3 ) such that
and define new configuration space variables (a 1 , a 2 , a 3 ) such that 6
The ranges of the coordinates are −∞ < |X|, |Y |, |T | < ∞ where
which corresponds to 0 < |a f | < ∞. Under the transformation (54) and (55), then the action (52) is given by
where now K = K(a 1 , a 2 , a 3 ), which will be chosen appropriately. We will now adopt the following convention for indices, where symbols from the beginning of the Latin alphabet a, b, c . . . signify internal indices and symbols from the middle i, j, k, . . . signify spatial indices in Σ. We will associate the internal indices with SO(3, C), the special complex orthogonal group in three dimensions. Let us now make the following identifications
where β i a will play the role of a magnetic field for α a i , seen as a nonabelian gauge field. Note for the diagonal α a i = δ a i a a that there are no spatial gradients in the canonical one form θ Kin . 7 Let us define a new variable Ψ ae , given by
where θ = (θ 1 , θ 2 , θ 3 ) ∈ C 3 are a triplet of complex angles and ψ d is a SO(3, C)-valued 3-vector. Note for ψ d = 0 that Ψ ae is symmetric in a, e, since it takes on the interpretation of an SO(3, C) transformation of the diagonal matrix of eigenvalues. Define the following quantities
Note that b i a = b i a ( a, θ) is the result of rotating the internal index of β i a , which corresponds a SO(3, C) transformation. It then follows that a a i = a a i ( a, θ), which now has six degrees of freedom, is the corresponding gauge transformed version of a = (a 1 , a 2 , a 3 ) which has just three degrees of freedom. The transformation (58) induces an embedding Ω Kin → Ω dif f , where Ω dif f is defined as a diffeomorphism invariant phase space with action
Sym(Ψ)
. (59) By the notation Sym(Ψ) is meant that Ψ ae = Ψ ea is symmetric. We can remove this restriction by allowing Ψ to have an antisymmetric part while imposing the constraint that this antisymmetric part vanishes. We can also constrain the SO(3, C) frame by imposing a constraint on θ. In conjunction with the aformentioned constraints and the constraint on the eigenvalues λ f we will impose the following constraints on the unreduced phase space Ω Inst , given by
The constraints (60) can be obtained by the variation of Lagrange multipliers (a 0 , N, N i ) in the following action
Note that there is no configuration space variable canonically conjugate to Ψ ae , since the canonical one form θ = Σ d 3 xΨ ae b i e δa a i is in general not exact. The momentum space Ψ ae of (61) has nine degrees of freedom per point, but the connection a a i has only six. We may lift this restriction, in conjunction with lifting the restriction to symmetric Ψ ae , and make the identification a a i → A a i and b i a → B i a [A] where now A a i and therefore B i a now have nine degrees of freedom per point. We can then write the extended action as
combined with a prescription for obtaining the diffeomorphism invariant phase space Ω dif f . This prescription is to set to zero all components of A a i not obtainiable from a diagonal connection δ a i a a by SO(3, C) gauge transformation, in conjunction with setting Ψ [ae] = 0, when implementing the diffeomorphism constraint H i = 0. Note, in direct analogy to (61), that the canonical one form θ Inst = Σ d 3 xΨ ae B i e δA a i is also not exact. The phase space variables satisfy
which are not canonical commutation relations owing to the field dependence on the right hand side. Note, however, that on the kinematic phase space Ω Kin in (53) θ Kin is exact and implies canonical commutation relations (45).
Transformation into the Ashtekar variables
We have performed an embedding map from the kinematic phase space Ω Kin , which has an exact symplectic two form ω Kin , to an unreduced phase space Ω Inst , whose symplectic two form ω Inst is in general not exact. But we would like a theory which on its full unconstrained phase space admits an exact canonical one form, and we would like this theory to admit a welldefined sequence of transformations to Ω Kin and its resulting Hilbert space.
To deal with this let us make the change of variables
which holds for nondegenerate variables. Substitution of (64) into (62) and defining N = N (det σ) −1/2 yields an action
with phase space variables ( σ i a , A a i ) which upon quantization would satisfy the canonical commutation relations
Note that (64) is a noncanonical transformation from Ω Inst into Ω Ash , the phase space of the Ashtekar variables, where A a i is the self-dual Ashtekar connection. Indeed, (65) is the action for general relativity in the Ashtekar variables for vanishing comoslogical constant (See e.g. [7] , [8] and [9] ). The symplectic two form corresponding to (65) is given by
which is the exact functional variation of the canonical one form θ Ash . Let us now generalize to the case of a nonvanishing cosmological constant Λ. The only change to the action (65) occurs in the Hamiltonian constraint, which is now given by
Performing all of the previous steps from (35) to (61) in reverse to accomplish the projection Ω Ash → Ω Inst → Ω dif f → Ω Kin from the full unconstrained Ashtekar variables to the quantizable kinematic phase space of the instanton representation, we find that (47) for Λ = 0 is given by
The effect of the cosmological constant is to bring a mass scale √ Λ into the theory. Equation (69) can be written in polynomial form as
obtained by multiplication by Π(Π + Π 1 )(Π + Π 2 ) = 0. Upon quantization of (70) we have the following functional differential equation
where ψ Λ α,β = α, β ⊗ χ(T ). We can replace the action of the functional derivatives with respect to X and Y on the state with their eigenvalues α and β, yieldinĝ
Whereas in the Λ = 0 case there was not a problem, one can see that for Λ = 0 one must deal with the multiple functional derivatives acting at the same point, which can now act on the factor of e T . 8 At this point we will perform a discretization ∆ N (Σ) of 3-space Σ. Then the functional derivatives turn into partial derivatives at a particlar point, which are finite. In this process we must append the inverse volume of a cell in order to preserve the mass dimensions as in δ/δT (x) → ν −1 ∂/∂T x , and the Hamiltonian constraint reduces to the following equation
where the following quantities are defined
with mass dimensions [µ] = 1 and [z] = 0. Additionally we will define the following dimensionless state labels from (15) (73) by µ 3 and eliminating T in favor of z, we obtain upon commuting the factor of z to the left the following differential equation
Equation (76) is a hypergeometric differential equation with solution
The state is then given by the direct product of these functions over a given discretization
For Λ = 0 there is a three to one correspondence between states and point in C 2 , whereas for Λ = 0 there is a two to one correspondence. 9 Later in this paper we will make the direct association from α and β as defined in (75) to the labels of the harmonic oscillator coherent states derived in section 2.
Physical interpretation
We shall now elucidate upon the relation of the physical Hilbert space H P hys to general relativity. Perform the following decomposition of Ψ −1
where ψ ae is symmetric and traceless. In the language of SL(2, C) 10 W eyl, shorthand for the self-dual part of the Weyl curvature tensor, can be written in unprimed SL(2, C) indices as
which is totally symmetric in uppercase indices. We have A = 0, 1 and a = 1, 2, 3, where η a AB is an isomorphism from SL(2, C) unprimed index pairs AB = (00, 01, 11) to single SO(3, C) indices a = (1, 2, 3) .
The eigenvalues of ψ ae encode the algebraic classification of spacetime [11] , which are independent of coordinates and of tetrad frames [10] . These properties play a role in the determination of the principal null directions and the radiation properties of spacetime [12] , [13] . These properties can be computed from the characteristic equation for ψ ae and the invariants (I, J), given by
To make the link from these properties of spacetime to the degrees of freedom that have been quantized, equation (79) can be inverted. Since ψ ae = ψ ae (I, J) encodes the classification of the spacetime, it follows that Ψ ae = Ψ ae (I, J) also encodes this classification. In the intrinsic frame SO(3, C) frame, defined as the frame in which Ψ ae is diagonalized, the eigenvalues are given in terms of the state labels by
The states then imply the following classification scheme 
To obtain a physical interpretation into the meaning of the densitized eigenvalues, let us examine them in the original variables
The state labels depend on the mass space a 0 for the connection as well as the volume scale ν of the elementary cells of the discretization. Since these have so far remained unspecified, let us fix them by making the choice a 3 0 ν = 1, which sets the mass scale a 0 to the inverse length scale ν 1/3 of Σ. Then we have λ α,β = ( G) −1 λ 3 e T , or that the state labels occur in multiplies of the (undensitized) eigenvalues of the CDJ matrix Ψ ae . Since Ψ −1 ae is the antiself-dual part of the Weyl curvature tensor, then it has the same dimensions as curvature which are inverse lenght squared. In our case the length scale referred to is the Planck length l P l . Hence λ α,β can be seen as of the same order of magnitude of variations of the metric on the scale of the Planck length l P l . With this choice of a 0 the Hamiltonian constraint takes on the form
which as we have shown yields a solution for the states in terms of hypergeometric functions. In the undensitized variables this is given by
which is transparent to the parameters introduced as a result of the quantization process.
7 Recapitulation: Lippman-Schwinger expansion on coherent state basis
Let us now expand upon the manifestation of the hypergeometric solutions to the Hamiltonian constraint in terms of the coherent state formalism of section 2, continuing from (32) and (33). The solution to the Hamiltonian constraint consists of states in the kernel ofĤ 1 andĤ 2 . We will build these states by expansion about Ker{Q} and Ker{Ô}. For the first case we havê
Now act on both sides of (86) withQ −1 , yielding 1 + lQ −1Ô e −a † 3 ψ = α, β, λ α,β .
where α, β, λ α,β ∈ Ker{Q}. Acting on (87) with the inverse of the operator in brackets, we have 
This induces a raising and lowering action with respect to the λ dependence of the state. Using the representation theory of the harmonic oscillator thus described, (88) can be written as
(−l) n (α + 1) n (β + 1) n (λ α,β + 1) n (γ − + 1) n (γ − + 1) n α, β, λ α,β − nµ .
Equation (91) is an infinite series with a zero radius of convergence unless we require the series to terminate at finite order. This leads to the restrictions α = n, β = n or λ α,β = n for some n, which produces an infinite tower of states labelled by α and n, as shown in [2] . For the other states we have that
(−r) n (γ − + 1) n (γ − + 1) n (α + 1) n (β + 1) n (λ + 1) n α, β, λ + nµ ,
which is convergent. 
which are labelled by two arbitrary parameters. If we repeat the same construction at each point in 3-space Σ as in [2] , then we obtain the functionals 
The wavefunctionals (106) correspond to the quantization of the algebraic classification of spacetime as encoded in the W eyl, the self-dual part of the Weyl curvature. 13 
